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ABSTRACT
The equivalence theorem is an extremely useful tool to calculate heavy Higgs and
top-quark effects for processes that have center-of-mass-energies (much) larger
than theW boson mass. After an explanation of the renormalization procedures
involved, the results for one- and two-loop radiative corrections to the fermionic
Higgs decay, H → f f¯ , are given and discussed. Finally, the renormalization
scheme dependence is examined, and the reliability of the perturbative series is
investigated.
1. Introduction
At LEP I and LEP II, heavy Higgs mass effects are suppressed according to
Veltman’s screening theorem. 1 However, machines like the LHC and possibly NLC
will investigate processes, in which the presence of a Higgs with sufficiently large mass
MH could cause large nonperturbative effects. The reason is the proportionality of the
Higgs quartic coupling λ to M2H , which in perturbative treatments leads to radiative
corrections that contain powers of MH rather than a logarithmic mass dependence.
It is of interest to study the apparent breakdown of perturbation theory, and to
put upper limits on the mass of a weakly interacting Higgs boson. Beyond such an
upper mass limit, the perturbative cross sections for, e.g., LHC processes like W+W−
scattering become rapidly unreliable.
The present article describes the systematics of calculating heavy-Higgs-mass ef-
fects by using the Goldstone boson equivalence theorem. 2,3 The usual Lagrangian of
the symmetry-breaking sector is used to calculate the heavy-Higgs-mass corrections
in the limit of MH ≫ MW . Yukawa couplings are kept without violating the Gold-
stone theorem. 4 We obtain a Lagrangian which implements both heavy-Higgs-mass
effects and large top-quark-mass corrections. Using a one-loop calculation we show
that this Lagrangian reproduces the full Standard-Model electroweak corrections to
the decay H → tt¯ in extremely good approximation. Finally, we discuss the leading
two-loop correction to H → f f¯ , and we conclude with remarks on effects due to the
use of different renormalization schemes.
∗Invited talk given at the Ringberg Workshop on “Perspectives for electroweak interactions in e+e−
collisions”, Tegernsee, Germany (February 5 – 8, Munich, 1995).
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2. The Goldstone Boson Equivalence Theorem (EQT)
The equivalence theorem (EQT) is usually discussed in the context of scattering
processes involving the weak gauge bosons W+,W−, Z. We will outline the EQT
along these lines, with the end of this section being devoted to the application of the
EQT to the process H → f f¯ .
In the case of scattering processes with gauge bosons, the scattering amplitude
of the longitudinally polarized gauge bosons W±L , ZL and the Higgs boson H are en-
hanced by factors of M2H/M
2
W ∝ λ/g2 relative to those which involve transversely
polarized gauge bosons and the small electroweak gauge couplings g. Next we ob-
serve 5 that in momentum space the longitudinal component of the vector boson fields
is related to the Goldstone boson fields by
W±L (k) = ǫ
µ
L(k)W
±
µ = w
±(k) + O
(
MW
k0
)
, (1)
where ǫµ is the polarization vector, and k0 is the energy component of the four-
momentum k.
The Goldstone boson equivalence theorem 2,3,6−10 states that in the limit of a
large center-of-mass energy,
√
s≫ MW , the scattering amplitudes for n longitudinally
polarized vector bosonsW±L ,ZL and any number of other external particles (including
Higgs particles) are related to the corresponding scattering amplitudes for the scalar
Goldstone bosons w±, z (to which W±L , ZL reduce for vanishing electroweak gauge
couplings g) by
T (W±L , ZL, H, . . .) = (iC)
nT (w±, z, H, . . .) + O(MW/
√
s). (2)
The constant C depends on the renormalization scheme used in the calculation 8,10,
C =
M0W
MW
(
ZW
Zw
)1/2 [
1 + O(g2)
]
, (3)
where the Z’s are the wavefunction renormalization constants for the physical fields
W± and the scalar fields w±. C is equal to unity for electroweak couplings g → 0 in
schemes in which the renormalization constants are defined at mass scales m≪MH .
We choose to renormalize the w±, z fields at p2 = m2 = 0, a choice which corresponds
to massless Goldstone bosons. Then 8,10,
C = 1 + O(g2). (4)
In the limit of a heavy Higgs boson, MH ≫ MW , the coupling g is much smaller
than the Higgs coupling λ: M2W/M
2
H ∝ g2/λ ≪ 1, and the gauge couplings can be
2
neglected. In this approximation, the constant C is equal to unity. Since we started
with the assumption
√
s≫MW , we obtain the result
T (W±L , ZL, H, . . .)
√
s,MH ≫ MW
≈ T (w±, z, H, . . .) , (5)
where the amplitude on the right-hand-side only depends on the quartic Higgs coup-
ling λ and the Yukawa couplings gf , and only involves scalar and fermion fields.
a (We
neglect the QCD sector of the Standard Model throughout this paper.) This makes
the use of the equivalence theorem an excellent and easy-to-use approximation.
The equivalence theorem can also be applied in processes that have no external
electroweak gauge bosons but receive leading radiative corrections through loops in-
volving W+,W−, Z, or H . Again, the EQT amplitudes will be a good approximation
as long as
√
s ≫ MW and MH ≫ MW . E.g., in the case of the decay of the Higgs
particle, the center-of-mass energy is identical to MH . Therefore, in the limit of
MH ≫ MW , the EQT is expected to be an excellent approximation.
Quantitatively we find that a Higgs mass of 400 GeV is sufficiently heavy. This
result is based on a comparison of the one-loop result for the Standard–Model decay
H → tt¯ based on our equivalence-theorem calculation including Yukawa couplings
and the corresponding full electroweak one-loop calculation. For MH > 400 GeV the
two results agree to better than 96% for mt = 174 GeV.
3. The Lagrangian consistent with the EQT
All the physics connected with the Higgs particle is determined by the Lagrangian
of the Standard Model, the starting point of our EQT calculations. We begin by
defining the full Lagrangian for the symmetry-breaking sector of the Standard Model.
It is given by
LSB = 1
2
(DµΦ)
†(DµΦ)− λ
4
(Φ†Φ)2 +
µ2
2
(Φ†Φ), (6)
where a positive value of µ2 shifts the minimum of the potential to a non-zero vacuum
expectation value of the field Φ. The covariant derivative is defined as Dµ = ∂µ +
igWµ ·T + 1
2
g′Bµ. The complex field Φ is written in terms of four real scalar fields,
Φ =
(
w1+iw2
h +iw3
)
. (7)
The gauge couplings g and g′ allow for the interaction of the Higgs sector with the
electroweak gauge sector of the Standard Model. The use of the Goldstone boson
equivalence theorem corresponds to calculating the physical observables of interest
in the limit of g, g′ → 0. This reduces the above Lagrangian to a SO(4)-symmetric
Lagrangian involving only the scalar fields h and w = (w1, w2, w3).
a Note that in the limit of zero gauge couplings the internal electroweak gauge bosons are also
replaced by massless scalar Goldstone bosons. 9
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The field h is taken as usual as the component of Φ which acquires a vacuum ex-
pectation value, v. This spontaneously breaks the SO(4) ≃ SU(2)×SU(2) symmetry
of the doublet Φ. By virtue of the Goldstone theorem 4, the spontaneous breaking
of the SO(4) symmetry leads to three massless Goldstone bosons. We write h as
h = v + H where 〈Ω|H|Ω〉 = 0 with respect to the physical vacuum |Ω〉. This al-
lows for a perturbative calculation by expanding the Higgs field H and the Goldstone
boson fields w1, w2, w3 around zero field strength. We obtain the new Lagrangian
LH = 1
2
(∂µH)
†(∂µH) +
1
2
(∂µw)
†(∂µw)
− λ
4
(
w4 + 2w2H2 +H4
)
− λv
(
w2H +H3
)
− 1
2
H2
(
3λv2 − µ2
)
− 1
2
w2
(
λv2 − µ2
)
− Hv
(
λv2 − µ2
)
. (8)
As usual, the tree level relationship µ2 = λv2 guarantees vanishing tadpole contribu-
tions and massless Goldstone bosons.
In addition to the above Lagrangian, the doublet Φ also interacts with the left-
and right-handed fermion fields, ψ
L,R
f , of the Standard Model, with the strength of
the interactions defined by the Yukawa couplings of the theory. This gives the second
contribution to our EQT Lagrangian. Choosing the top-bottom-quark generation as
example, the Lagrangian LF governing the interactions between the doublet Φ and
the fermion fields is
L(t,b)F =−
 gb√
2
 ψLt
ψ
L
b
Φ ψRb + h.c.
−
 gt√
2
 ψLt
ψ
L
b
 iτ2Φ⋆ψRt + h.c.
 . (9)
Here gt, gb are the top- and bottom-quark Yukawa couplings, and τ2 is the com-
plex Pauli matrix such that iτ2Φ
⋆ is the charge conjugate of Φ. The complete EQT
Lagrangian is now defined as
LEQT = LH + LF . (10)
For a zero vacuum expectation value v of the doublet Φ, the presence of the
fermion fields leads to a SU(2)× U(1) symmetry of the complete Lagrangian LEQT,
(gb 6= gt), or respects the chiral SU(2)× SU(2) symmetry (gb = gt). The appearance
of a non-zero vacuum expectation value spontaneously breaks the symmetry, leading
to the presence of three massless Goldstone bosons (Goldstone’s theorem) even for
non-zero Yukawa couplings. b Each fermion receives a mass that is proportional
to the product of its Yukawa coupling and the vacuum expectation value, mf =
gfv/
√
2. Depending on the value of the Yukawa couplings, the interaction of the
three Goldstone bosons with fermions may either be SO(3)-symmetric (gt = gb), or
bIt is only the inclusion of the gauge sector that gives masses to the W and Z bosons.
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it might be broken (gt 6= gb). The latter case features a residual symmetry of the
charge-conjugate fields w+ = (w1 − i w2)/
√
2 and w− = (w1 + i w2)/
√
2.
The Lagrangian LF for any other quark doublet (q, q′) of the Standard Model can
be obtained by making the substitution (t, b)↔ (q, q′) in the above expression for LF .
For a lepton doublet (ν, l), one also can make the substitution (t, b)↔ (ν, l); however,
one has to keep in mind that the Standard Model doesn’t provide for right-handed
neutrino fields: ψ
R
ν = 0 for all lepton flavors.
4. Renormalization of the Lagrangian
The Lagrangian LEQT = LH + LF provides all the information necessary to cal-
culate Green’s functions and S-matrix elements. To include quantum corrections,
we start by renormalizing LH , introducing all possible counterterms that respect the
unbroken SO(4) symmetry of the Lagrangian, see Eq. (6). This leads to the introduc-
tion of the SO(4)-symmetric wavefunction renormalization Zφ, and the counterterms
δλ and δµ2. These quantities are sufficient to guarantee a finite theory even in the
broken phase, Eq. (8). In addition, we allow for finite field renormalization constants,
Z˜H , Z˜z, and Z˜w, to properly normalize the physical fields of the broken phase (OMS
renormalization). The renormalization can be summarized as
λ→ λ+ δλ
Z2φ
, µ2 → µ
2 − δµ2
Zφ
, (11)
v → Zφ1/2v, H → Z˜1/2H Zφ1/2H, (12)
z → Z˜1/2z Zφ1/2z, w± → Z˜1/2w Zφ1/2w±, (13)
The renormalized Lagrangian in terms of the physical fields is
LH,ren = − 1
2
Z˜HH
2
(
3(λ+ δλ)v2 − (µ2 − δµ2)
)
− 1
2
(Z˜ww
+2 + Z˜ww
−2 + Z˜zz
2)
(
(λ+ δλ)v2 − (µ2 − δµ2)
)
− Z˜1/2H Hv
(
(λ+ δλ)v2 − (µ2 − δµ2)
)
+ interaction terms , (14)
The coefficient of the term linear in the field H is fixed as to cancel tadpole contri-
butions to the Higgs one-point function order by order in perturbation theory. This
fixes v to be the vacuum expectation value to all orders, i.e. 〈Ω|H|Ω〉 = 0 to all
orders. At tree level, we require λv2 = µ2.
It should be noted that both w± and z fields have the same mass coefficient and
mass counterterm, and the counterterm structure is identical to the coefficient of
the linear Higgs term. In the presence of Yukawa interactions the self-energies of
the Goldstone bosons yield Πz(p
2) 6= Πw±(p2) for arbitrary values of p2. It seems
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impossible to cancel tadpole contributions and simultaneously keep all Goldstone
fields massless. However, an explicit calculation 11 shows that Πz(0) = Πw±(0) = T/v,
where T is the tadpole term. Hence, the OMS renormalization can be used without
violating the validity of the Goldstone theorem, i.e. , 〈Ω|H|Ω〉 = 0 while the Goldstone
bosons remain massless at higher orders in perturbation theory.
Next we fix the mass term of the Higgs field. At tree level, using λv2 = µ2, we
find the Higgs mass to be M2H = 2λv
2. Conversely, this equation defines the Higgs
coupling λ in terms of the physical mass MH and the physical vacuum expectation
value v. At higher orders, the counterterm δλ is fixed as to preserve this identity,
with the renormalization point at the physical mass value, p2 = M2H , rather than
p2 = 0.
Finally, we need to fix the field renormalization constants. In the OMS renormal-
ization, the propagators of the fields are renormalized as to have unit residue at the
location of the pole. In the absence of fermion interactions, only one finite field renor-
malization, Z˜H , is needed to keep the kinetic terms and free propagators in standard
form. 12 In this case, the renormalization constant Zφ is defined such that the prop-
agators of the fields w± and z have unit residue at the location of the pole, and Z˜H
corrects the Higgs propagator. Including fermion interactions, we need to introduce a
second finite renormalization constant. In Eq. (13), we have intentionally introduced
the finite Goldstone boson renormalization constants, Z˜z and Z˜w, in a symmetric way.
However, one of these two quantities is redundant, namely Z˜w = 1. This is connected
to the fact, that the vacuum expectation value, renormalized according to Eq. (12), is
related to the muon decay constant. The decay of the muon, however, is mediated by
theW boson rather than the Z boson. Hence, both the vacuum expectation value and
the fields w± are renormalized with the same renormalization constant, whereas the
field z obtains an extra finite renormalization in the presence of Yukawa interactions.
In summary, the counterterms and renormalization constants contained in the
renormalized Lagrangian LH of Eq. (14) have been fixed as to satisfy the following
conditions: (1) 〈Ω|H|Ω〉 = 0 to all orders, simultaneously fixing the pole of the
Goldstone boson propagators to be at p2 = 0; (2) the real part of the pole of the
Higgs propagator is located at its physical mass value MH , fixing the quartic Higgs
coupling as λ = M2H/(2v
2) to all orders in perturbation theory; (3) the real parts of
the residues of all propagators are equal to one at the pole location.
The expressions for the wavefunction renormalization constants in terms of the
self-energies are:
Zz ≡ Z˜zZφ = 1 + ∂Πz(0)
∂p2
, (15)
Zw ≡ Zφ = 1 + ∂Πw(0)
∂p2
, (16)
ZH ≡ Z˜HZφ = 1 + ∂ReΠH(M
2
H)
∂p2
. (17)
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To illustrate the breaking of the SO(3) symmetry of the Goldstone bosons due to
the presence of Yukawa interactions, we give the explicit expression for the finite field
renormalization Z˜z at one loop:
11
Z˜z = 1 +
∂Πz(0)
∂p2
− ∂Πw±(0)
∂p2
≈ 1− 3g
2
t
32π2
, (18)
where all Yukawa couplings except gt have been neglected. (Note: for the hypothetical
case gt = gb ( 6= 0) the result is Z˜z = 1 — the SO(3) symmetry of the Goldstone bosons
would persist.)
Because we want to calculate higher order quantum corrections including Yukawa
interactions, we also need to renormalize the Lagrangian LF . As in the case of the La-
grangian LH , we use multiplicative field renormalization constants and counterterms
for the couplings. Regarding the Yukawa couplings rather than the fermion masses
as the fundamental parameters of the theory, we need to renormalize the fields ψ
L
f
and ψ
R
f as well as the coupling gf . We introduce the replacements
gf → gf
Z
1/2
φ
(1 +
δgf
gf
) , (19)
ψ
R,L
f → (ZR,Lf )1/2 ψ
R,L
f . (20)
In analogy to the OMS renormalization conditions for the Lagrangian LH of the Higgs
sector, the quantities ZR,Lf and δgf are fixed by requiring that the fermion propagator
has the real part of its pole equal to the physical mass value, and that the residue
of the propagator at the pole is equal to one. 13 This concludes the complete OMS
renormalization of LEQT.
5. Applications
The classical use of the equivalence theorem has been the investigation of vector
boson scattering. 2 The scattering of longitudinally polarized gauge bosons, WL and
ZL, has been studied by a number of authors at tree level
6 and higher orders. 14
A different application of the equivalence theorem is the calculation of the leading
corrections to the ρ parameter. 11,15,16 This quantity is — from the point of view of
the EQT — a low-energy quantity and defined in the gauge sector of the Standard
Model. However, neglecting the gauge couplings, the ρ parameter can be written as
ρ =
Zw
Zz
= Z˜−1z , (21)
with the one-loop result given in Eq. (18).
Another example of a “low-energy” application is the two-loop heavy-top-quark
contribution to the Z → bb¯ coupling which has been calculated using massless Gold-
stone bosons 15 and arbitrary values of MH . The validity of the equivalence theorem
7
was explicitly verified using Ward–Takahashi identities. 15 The results have been con-
firmed in an independent calculation. 16
A different application of the EQT is the decay H → tt¯ which we will discuss here
in detail. This decay process features no external gauge bosons. Yet the EQT is an
excellent tool to calculate the radiative corrections in the couplings gt and λ.
5.1. One-loop electroweak radiative corrections to H → tt¯
Because of the high mass of the top-quark, we keep the top-quark Yukawa cou-
pling, gt, but set all other Yukawa couplings to zero. In this approximation, the
Lagrangian LEQT is used to calculate the one-loop corrections to Γ (H → tt¯ ).
The starting point of our analysis is the term of LEQT which describes the Higgs-
fermion interaction. At tree level we have
LfYuk = −
gf√
2
ψ
R
fH ψ
L
f + h.c. . (22)
The Born result for the decay width is given by
ΓB
(
H → f f¯
)
=
Nfc MH
16π
(
1− 4m
2
f
M2H
)3/2
g2f . (23)
Here Nfc = 1 (3) is the color factor for lepton (quark) flavors.
The renormalized form of Eq. (22) is
LfYuk = −
gf(1 +
δgf
gf
)
√
2Z
1/2
w
(ZRf )
1/2 ψ
R
f (ZH)
1/2H (ZLf )
1/2 ψ
L
f + h.c. . (24)
Writing Zi = 1 + δZi we obtain the Feynman rule for the Hff¯ coupling at higher
order:
−i gf√
2
(
1 +
1
2
δZH − 1
2
δZw +
1
2
δZLf +
1
2
δZRf +
δgf
gf
+O(δ2)
)
. (25)
For the one-loop calculation, we neglect the terms of O(δ2).
The radiatively corrected fermionic decay rate of the Higgs boson can now be
calculated using the new Feynman rule for the Yukawa coupling and taking into
account the one-particle irreducible Feynman diagrams using LEQT. At one loop,
there are six triangular diagrams, [internal lines (HHt), (ttH), (zzt), (ttz), (wwb), and
(bbw)], which contribute. The corrected fermionic Higgs decay width is defined by
Γ
(
H → f f¯
)
= (1 + ∆Γ) ΓB
(
H → f f¯
)
. (26)
The explicit result for ∆Γ is given in Ref. (17). At one loop, ∆Γ consists of terms
O( λ=GFM
2
H/
√
2 ), and O( g2t =
√
2GFm
2
t ). In Fig. 1, we show the size of these cor-
rections as a function of MH , and compare them with the full one-loop electroweak
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Fig. 1. Comparison of the one-loop results for the ratio 1+∆Γ ≡ Γ (H → tt¯) /ΓB (H → tt¯) obtained
in various approximations with the full one-loop electroweak result (g1, g2, gt, gb 6= 0). The solid
curve (EQT) gives the result obtained using the equivalence theorem (g1, g2 = 0) and a nonzero
top-quark Yukawa coupling gt corresponding to mt = 174 GeV. The dot-dashed curve shows the
O(λ)=ˆO
(
GFM
2
H
)
correction, and it is equivalent to an EQT curve with gt=0.
correction including electroweak gauge-couplings g1, g2 as well as all Yukawa cou-
plings. 18 The full correction was evaluated in the on-shell renormalization scheme
using mt = 174 GeV. We see that the O (λ) term underestimates the full one-loop
electroweak correction term by 32% (24%) at MH = 500 GeV (1 TeV). However, the
complete EQT result including the top-quark Yukawa coupling reproduces the full
one-loop electroweak result very well. The result obtained using the equivalence the-
orem with gt 6= 0 is only 3.9% (1.8%) larger than the full electroweak one-loop term
at MH = 500 GeV (1 TeV) for mt = 174 GeV. The use of the equivalence theorem
therefore gives a quite accurate approximation to the full theory, even for the rather
low values of MH with which we are concerned. The small residual differences away
from the decay threshold can be accounted for by the transverse gauge couplings, the
nonzero masses of the W and Z bosons, and the finite masses and Yukawa couplings
for the remaining fermions. The extra structure of the full electroweak correction
close to the threshold, MH = 2mt, is the result of virtual-photon exchange in QED.
This generates a Coulomb singularity and a correction that behaves near threshold
as 1 + αemQ
2
t [(π/2β) + O(1)], where Qt and β are the top-quark electric charge and
velocity; see left end of the dashed line in Fig. 1.
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5.2. Two-loop radiative corrections to H → f f¯ : O (λ2)
We now describe the calculation of the two-loop correction, O (λ2). For MH > mt
(which always should be satisfied in the EQT limit MH ≫ MW ), it is the dominant
correction to the decay of the Higgs into any fermion pair f f¯ . All subleading two-
loop electroweak corrections, those of O(g2fλ) and O(g
4
f), are neglected. It should be
noted, that the dominant correction is flavor-independent, whereas the subleading
corrections depend on the fermionic decay channel considered.
Since the dominant correction is independent of gf , we need to identify the renor-
malization pieces that are independent of the Yukawa couplings. Looking at Eq. (24)
we find that ZH and Zw are the only quantities that obtain pure Higgs coupling cor-
rections, i.e. , terms of order O (λn). All other quantities, including the Feynman
diagrams for the vertex corrections, receive contributions proportional to g2f or higher
powers. Therefore, we obtain the general result for the leading corrections to all
orders in λ to be
1 + ∆Γ(λ) =
ZH
Zw
∣∣∣∣
gf=0
(27)
The wave-function renormalization constants ZH and Zw were calculated to two
loops, O (λ2), in Ref. (12) using dimensional regularization and OMS renormalization.
Calculating ∆Γ, the divergent pieces cancel, and the O (λ2) electroweak corrections
to the fermionic decay rates emerge naturally as 19
1 + ∆Γ =
ZH
Zw
=
1 + awλˆ+ bwλˆ
2
1 + aH λˆ+ bH λˆ2
. (28)
The coefficients in the expansion above have been given analytically 19 and have been
confirmed. 20 The numerical values are:
aw = 1 , bw ≈ 6.098 ,
aH ≈ −1.12 , bH ≈ 41.12 . (29)
The one-loop coefficients aH and aw are similar in magnitude, but the two-loop co-
efficients bH and bw differ in magnitude by roughly a factor of 7, despite the fact
that almost the same number of diagrams, with similar structures and magnitudes,
contribute. It is also interesting that the coefficients in Z−1H alternate in sign; those
in Z−1w do not.
The above expression for ∆Γ automatically resums one-particle-reducible Higgs-
boson self-energy diagrams. However, it is clear that the resummation contains only
limited information on higher-order terms. Since we actually have no control of terms
beyond O
(
λˆ2
)
, and are not aware of a physical principle which would select this as
an optimum resummation scheme, we expand Eq. (28) and discard terms beyond
10
Fig. 2. Complete O (λ) and O
(
λ2
)
correction factors for Γ
(
H → f f¯ ) for 100 GeV ≤ MH ≤
1700 GeV. These corrections are universal, i.e., they are independent of the flavor of the final-state
fermions. In each order, the expanded result given in Eq. (30) is compared to the calculation where
the one-particle-reducible Higgs-boson self-energy diagrams are resummed as shown in Eq. (28). The
two-loop correction cancels the one-loop correction at MH = 1114 GeV and is twice as large as the
latter, with an opposite sign, at MH = 1575 GeV.
O
(
λˆ2
)
= O (G2FM
4
H). This gives the alternative representation
1 + ∆Γ =
ZH
Zw
= 1 + (aw − aH)λˆ+
(
bw − bH − awaH + a2H
)
λˆ2 (30)
≈ 1 + 2.12λˆ− 32.66λˆ2 (31)
≈ 1 + 11.1%
(
MH
1TeV
)2
− 8.9%
(
MH
1TeV
)4
. (32)
The result agrees at O
(
λˆ
)
with the known one-loop result. 1,21
We are now in a position to explore the phenomenological implications of our
results. In Fig. 2, we show the leading electroweak corrections to Γ
(
H → f f¯
)
in the
one- and two-loop approximations with and without resummation of one-particle-
reducible higher-order terms plotted as functions of MH . We will concentrate first
on the expanded results given in Eq. (30). While the O (λ) term (upper solid line
in Fig. 2) gives a modest increase of the rates, e.g., by 11% at MH = 1 TeV, the
situation changes when the two-loop term is included. The importance of this term,
which grows as M4H , increases with MH in such a way that it cancels the one-loop
term completely for MH = 1114 GeV, and is twice the size of the one-loop term, with
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the opposite sign, for MH = 1575 GeV. The total two-loop correction, shown by the
lower solid line in Fig. 2, is then negative and has the same magnitude as the one-loop
correction alone. The perturbation series for the corrections to Γ
(
H → f f¯
)
clearly
ceases to converge usefully, if at all, for MH ≈ 1100 GeV, or equivalently, for λ ≈ 10.
A Higgs boson with a mass larger than about 1100 GeV effectively becomes a strongly
interacting particle. Conversely, MH must not exceed approximately 1100 GeV if the
standard electroweak perturbation theory is to be predictive for the decays H →
f f¯ . Note that one cannot use the usual unitarization schemes invoked in studies of
W±L , ZL, H scattering
6,22 to restore the predictiveness for the heavy-Higgs width, as
no unitarity violation is involved.
One might expect to improve the perturbative result in the upper range of MH
somewhat by resumming the one-particle-reducible contributions to the Higgs-boson
wave-function renormalization by using Eq. (28) rather than Eq. (30). This leads to
an increase of the one-loop correction (upper dotted line in Fig. 2), while the negative
effect of the two-loop correction is lessened (lower dotted line) for large values ofMH .
However, in the mass range below MH = 1400 GeV, this effect is too small to change
our conclusions concerning the breakdown of perturbation theory. Moreover, the
resummed expression for the one-loop terms in the perturbation expansion, when
reexpanded to O (G2FM
4
H), does not yield a proper estimate for the size of the two-
loop terms. There is consequently no reason to favor this approach to the present
problem.
The subleading two-loop electroweak corrections, those of O
(
g2fλ
)
and O
(
g4f
)
,
are still unknown, but one may estimate their likely importance by comparing the
top-quark Yukawa-coupling correction to the Higgs-coupling correction at one loop.
6. Scheme-dependence of the O (λ2) radiative corrections: OMS versus MS
scheme
So far we have carried out the renormalization of LEQT using OMS. We found the
dominant correction to H → f f¯ to be (Eq. (31))
1 + ∆ΓOMS ≈ 1 + 2.12λˆOMS − 32.66λˆ2OMS + O
(
λˆ3OMS
)
, (33)
where 16π2λˆOMS = M
2
H/(2v
2). It is interesting to check whether the convergence of
the perturbative series can be improved when using MS renormalization. Since the
tree-level result of the fermionic Higgs decay, Eq. (23), is independent of the coupling
λ, we only need the one-loop relation between λOMS and λMS to convert the two-loop
OMS result into MS. It is 23
λˆMS = λˆOMS
[
1 +
(
25− 3π
√
3 + 12 ln(µ2/M2H)
)
λˆOMS + O
(
λˆ2OMS
)]
, (34)
where MH is the physical Higgs mass, and µ is the mass scale introduced in di-
mensional regularization. We see that the OMS and the MS couplings are equal for
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Fig. 3. The two-loop correction ∆Γ
MS
as a function ofMH . The curves show the results when either
keeping µ fixed at the value of 200GeV , or keeping the ratio µ/MH fixed at the values indicated.
For µ ≈ 0.7MH the two-loop OMS result of Fig. 2 is reproduced.
µ ≈ 0.697MH. Combining the two previous equations, 24 we obtain the correction to
the fermionic Higgs decay in MS quantities:
1 + ∆ΓMS ≈ 1 + 2.12λˆMS −
(
51.03− 25.41 ln(M2H/µ2)
)
λˆ2
MS
+ O
(
λˆ3
MS
)
.(35)
The OMS correction given in Eq. (33) and the MS result are also identical for µ ≈
0.697MH .
Truncating the series at two loops leaves a residual µ dependence which indicates
the significance of the O
(
λˆ3
MS
)
terms. In Fig. 3 we show the MS correction as a
function of MH , keeping µ or the ratio µ/MH fixed at different values. Choosing
µ ≈ 0.697MH the two-loop OMS result of Fig. 2 is reproduced.
It is interesting to note that for fixed MH a value µ < 0.697MH improves the
convergence of the perturbative MS series twofold: on one hand the value of λˆMS
decreases as µ becomes smaller (see Eq. (34)), on the other hand the two-loop coeffi-
cient of the MS correction also decreases in magnitude for decreasing µ, vanishing for
µ = 0.366MH (see Eq. (35)) . For values µ > 0.697MH the opposite is true: the con-
vergence of the series, as indicated by terms up to two loops, gets worse in a twofold
way as µ increases. It seems as if the naive choice of µ = MH is not necessarily well
motivated.
Varying the scale µ in the rangeMH/2 < µ < 2MH we already find indications for
significant three-loop contributions (needed to reduce the µ dependence) for MH >
13
650 GeV. Explicitly, for µ = MH (2MH) we find that the two-loop correction ∆ΓMS
is in magnitude equal to the OMS result, with the opposite sign, for values of MH =
870 (650) GeV. However, the size of the two-loop correction is still small (about 3–4%)
for such values of MH .
7. Summary
We have reviewed the equivalence theorem and the approximations involved. The
Lagrangian corresponding to the EQT approximations
√
s,MH ≫ MW was formu-
lated and renormalized using OMS conditions. This Lagrangian is the basis for calcu-
lating top-quark and heavy-Higgs corrections to many physical observables. We have
explicitly discussed the calculation of corrections to the decay H → f f¯ . At one loop
we find that the EQT calculation approximates the full electroweak correction very
well. Calculating the dominant two-loop corrections we observe the breakdown of
perturbation theory for values of MH in the TeV-range. However, already for values
of MH > 650 GeV we find a significant renormalization scheme dependence of the
MS result, indicating the unreliability of the perturbative result despite the smallness
of the two-loop correction.
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